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1. INTRODUCTION 
The problem of determining when two nonconjugate subgroups H and K 
of a finite group G can satisfy 1: = 1: is discussed. Here 1; denotes the 
character of the permutation representation of G on the cosets of H. 
Perlis [8] noted that there is a connection between this and [ functions of 
number fields. Suppose E is a number field (i.e., a finite extension of the 
rationals Q!). Define c,(s) = C N(I)-“, where the sum runs over all integral 
nonzero ideals of the ring of all algebraic integers of E and N(I) is the norm 
of I. Then E and F are arithmetically equivalent if & = &. If this holds, then 
E and F have the same normal closure L (see [8]). Furthermore, if G, X, and 
Y denote the Galois groups of L over Q, E, and F, respectively, then & = c,. 
if and only if 1: = 1:. Clearly X = Yg for some g E G if and only if K 2 L. 
Thus to see whether there exist two nonisomorphic number fields of degree n 
over Q which are arithmetically equivalent, it sufftces to know whether 
1: = 1: with [G : H] = n implies K = Hg for some g E G. (Of course, this 
still leaves open the question whether the group we obtain is a Galois group 
over CL) 
Feit [3] noted that if [G : H] = p is prime, then the classification theorem 
for finite simple groups determines all possibilities for p. Here we consider 
the case [G : H] = p2. Our main result is the following: 
THEOREM A. Suppose H, K < G and 1: = 1: with [G : H] = p’. Then 
either H = Kg for some g E G or p” =(q”- l)/(q-1) with &<2, n>3! 
and q a prime power. Furthermore, for any such p, there is a group G with 
1 g = 1 g for nonconjugate subgroups H and K with [G : H] = p2. 
This is similar to the answer for [G : H] = p. Here the primes that occur 
are those p with p = 11 or p = (q” - l)/(q - 1), n > 3 and q a prime power. 
(Note 1 l* = (3’ L 1)/(3 - l).) It is fairly straightforward to see that if 
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[G : H] < 7, then l,- K ’ - 1’ implies H and K are conjugate (6 is the only 
nonobvious case). See [R] for a proof. Since 7 = 23 - 1, there is an example 
of index 7. One can also construct an example of index 8 (see [RI). By the 
theorem, there is no example of index 9. 
In [ 11, it is shown for any p, there exists a p-group G with nonconjugate 
subgroups H and K of index p4 with 1: = lg. We give an example of index 
p3. Thus there is no hope of extending Theorem A. 
The article is organized as follows. Section 2 includes some preliminary 
results. Theorem A is proved in Section 3. Essentially, it is shown that if 
there are no examples with G simple, then one can reduce to the case when 
G is a p-group. The classification theorem is used to handle the simple case. 
In Section 4 some examples are given. The final section is devoted to the 
case of maximal subgroups. All groups in this article are finite. We follow 
the notation used in 141. 
2. PRELIMINARY RESULTS 
Note if H < G and T is a transversal for H in G, then 
l$(x)=I(gETlx”EH}I 
= IXn-xGI IcG(x)l 
IHI ’ 
where xc = (xR 1 g E G). This yields: 
LEMMA 2.1. Suppose l~=l~andBaG. ThenIBnK(=IBnHI.Zn 
particular, 1 H 1 = I K I. 
LEMMA 2.2. Suppose B, H < G and set M = HB. 
(a) IfB a G, then 
Qa= y l;cne, 
RET 
where T is a transversal for M in G. 
(b) ZfM= G, then lgl, = lgn,,. 
ProoJ The cosets of H group into blocks corresponding to the cosets of 
M. So if xEBaG, lB HgbnB(x) is the number of fixed points of x on the 
block corresponding to gM. Thus (a) holds. If G = M, then B acts tran- 
sitively on the cosets of H, and so (b) holds. 
We need to know the subgroups of prime power index in a simple group. 
This follows from the classification theorem (see [6]). 
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THEOREM 2.3. Let G be a nonabelian simple group with H < G and 
[G : H] = pa, p prime. One of the following holds. 
(a) G=A, and H-A,-, with n=p”. 
(b) G = PSL,(q) and H is the stabilizer of a projective point or h-vper- 
plane. Then [G : H] = (q” - l)/(q - 1) = pa. 
(c) G=PSL,(ll) and [G:H]= 11 with H=A,. 
(d) G=M,, and H=MZ2 or G=M,, and H?M,o. 
(e) G = PSU,(2) = PSp,(3) and [G : H] = 27. 
We remark that in all cases H is maximal in G. Furthermore, there are at 
most two conjugacy classes of subgroups. Indeed, there is a unique class 
unless (b) holds with n > 3 or in case (c). Furthermore, it follows by 
inspection of the covering groups of the groups in Theorem 2.3 that if G is 
quasi-simple (i.e., G = G’ and G/Z(G) is simple), then [G : H] = p” implies 
H > Z(G) unless p = 2 and G = PSL,(q). 
We need two more lemmas. 
LEMMA 2.4. If [G : H] = pa and S is a subnormal subgroup of G. then 
[S:HnS]=pb with b<a. 
Proof: This is obvious for S 4 G. Induction on the length of the normal 
chain for S completes the proof. 
LEMMA 2.5. Let G = L, x . . . x L, with each Li nonabelian and simple. 
IfH<Gwith[G:H]=pa,thenH=H,x...xH,,whereHi=HnLi. 
Proof Clearly H > H, x ... x H, = S. Suppose x = (x, ,..., xI) E H and 
4’=xi E Hi. Since Hi is maximal in Li, Li= (Hi, [Hi, J,]) < H. Thus 
4’ E Hi, and the result follows. 
3. THEOREM A 
Set Ri={pIp is prime and$=(q”- l)/(q- 1) for some j<i, n>3, 
and prime power q} U (11 }. By Theorem 2.3 and the remarks following it, 
there exists a simple group S with two nonconjugate subgroups H and K 
with [S : H] = [S : K] = $ if p E Oi with i > j (namely, S = PSL,(q) with 
(q” - l)/(q - 1) = p’ or S = PSL,( 11) with p = 11). It is straightforward to 
verify that li= 1:. Now let G = S x A, where IA ] = pi-‘. Then 
[G:H]=p’= [G:K] and 1: = 1:. This shows that the last statement in 
Theorem A is valid. 
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We wish to consider a more general situation than that described in 
Theorem A. Some notation is required. Recall that a component of G is a 
subnormal quasi-simple subgroup of G. Then E(G) is the subgroup of G 
generated by its components. Furthermore E(G) is a central product of the 
components of G. Then F*(G) = E(G)F(G). where F(G) is the Fitting 
subgroup of G. 
PROPOSITION 3.1. Let G be a group with subgroups H and K satisjj’ing 
(1) HnP=KnPfor some PESyl,(G), 
(2) [G:H]=[G:K]=pb with b<a and 2#p&R,, and 
(3) H#Kg. 
Furthermore assume 1 G/ is minimal with respect to these properties for a 
jked pa. Then 
(4) H f7 O,(G) = 1 = K Cl O,(G), and 
(5) F*(G) = O,(G). 
Proof: Note that as O,,(G) <H n K, a smaller example would be 
afforded by G/O,,(G) unless O,,(G) = 1. Indeed, the same argument shows 
no nontrivial normal subgroup of G is contained in H f7 K. Set 
R=HnO,(G). By (l), R=O,(G)nK. If R# 1, then (H.K)<N,(R). 
Then N,(R) satisfies the hypotheses. Thus (4) holds. 
Since O,.(G) = 1, to prove (5), it sufftces to show E(G) = 1. So assume 
E = E(G) # 1. Let Q be a component of G. Since O,(G) = 1, Z(Q) = Z < 
O,(G). By Lemma 2.4, [Q: Q n H] = p’ with c < b. By the remarks 
following Theorem 2.3 and (4), Z < H n O,(G) = 1. If Q < H, then since 
PnQ<K, Q<H also. Now (QG)=Q,x...xQ,=D, where the Qi are 
the conjugates of Q = Q,. Note D < H. By reordering we can assume Qi < H 
if and only if 1 < i < m < r. Also as above Qi < H if and only if Qi < K. 
Then (H, Kj < N,(Q,x x . . . x Q,) # G, a contradiction. So H and K 
contain no components of G. Write E = L, x ... x L,, where the Li are the 
components of G. Since 1 G/E/ < 1 GI, S = EH = EK” for some g E G. By 
Lemma 2.5, HnE=H, x -.. X H, and KgnE=K, x ... xK, with 
Hi = Hn Li and Ki = Kg n Li. Since p @ l2,, Hi and Ki are conjugate in 
Li. Thus Kge n E = H n E for some e E E. This implies H = N,(H n E) = 
Ns(Kge n E) = Kge contradicting (3). This completes the proof. 
If we replace (1) in Proposition3.1 by (1’) PnH=PnK= 1, we first 
note that O,(G) = 1. For by minimality, O,(G)H = O,,(G) KR for some g and 
so by the Schur-Zassenhaus theorem, H and Kg are conjugate. Now the 
argument in the proposition shows E(G) = 1 (even for p = 2) if p @ f2,. Thus 
we have shown: 
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COROLLARY 3.2. Suppose H and K are p-complements in G with 
[G : H] = p” and p 6E 0,. Then H and K are conjugate in G. In particular, if 
p = 2 or a Fermat prime, then any two p-complements are conjugate. 
We remark that Isaacs [ 71 has shown that 1: = 1: if H and k are p- 
complements for arbitrary p. 
COROLLARY 3.3. If [G : H] = [G : K] = pa with a < 2, p 6!J Q,, and for 
somepESyl,(G), PnH=PnK=R, then H=KgforsomegEG. 
ProoJ Suppose not. Let G be a minimal counterexample. Thus G 
satisfies the hypotheses of Proposition 3.1. Hence F*(G) = O,(G) = A and 
A n H = A n K = 1. By Corollary 3.2, R # 1. If IA/ = p, then as C,(A) = A, 
R = 1. So IA ] = p*, and G = AH = AK. If A is cyclic, then either R = 1 or 
(H, K) < N,(R) # G. Thus A is elementary abelian. Since C,(A) = A, H acts 
faithfully on A. If A is not irreducible? then either R = 1 or R a (H, K). So 
A is irreducible. Then O,,(H) # 1 and so H = N,(O,,(H)). Since O,.,.(G) = 
AO,,(H) = AO,,(K), by the Schur-Zassenhaus theorem, O,.(H) and O,,(K) 
and hence H and K are conjugate. 
We are now ready to prove Theorem A. So let G be a minimal counterex- 
ample. If G is not a p-group, then G = PH = PK for P E Syl,(G). By 
Lemma 2.2, l&, = l;,,. Hence as IPI <]G], Pf7H and PnK are 
conjugate. So we may assume P n H = P n K. Then Corollary 3.3 applies. 
Thus G is a p-group. So H a M a G. Since I:(x) = l:(x) = 0 if x E M, 
then K ( M also. By Lemma 2.2, r lfR = C l$, where the sum runs over g 
in a transversal for M. If 4 is a nontrivial constituent of IEE, ker 4 = H”. 
Thus H = Kg for some g. 
4. EXAMPLES 
We first give an example with [G : H] = p3. If p = 2, take G = 
(Z,)(Z, x Z,) (see [8]). So assume p > 2. 
EXAMPLE 4.1. Let A = (a, b) z Zp2 X Z, with a of order p2 and b of 
order p. Let H = (x, y) < Aut A, where ax = ab, b” = baP, as = ap+ ‘, and 
b’ = 6. Since p is odd, H 2: Z, x Z,. Set G = AH and K = (x, yap). Now it 
is easy to check that xiy’aPj is a conjugate to x’y’. Thus 1 g = 1:. If K = HX 
forsomegEG,thenK=HCforsomecEA.ThencEC,(x)=1.SoHand 
K are not conjugate. 
EXAMPLE 4.2. Suppose S is a group and c is an outer automorphism of 
S which preserves conjugacy classes. Set G = S x S, H = {(s, s) ( s E S}, and 
K = {(s, u(s)) ] s E S}. Since (s, a(s)) is conjugate to (s, s), 1: = 1:: 
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however, H and K are not conjugate. If G is simple, then in fact H and K are 
maximal. (Actually, it is unlikely that such an automorphism exists for G 
simple.) 
EXAMPLE 4.3. Let A be elementary abelian p-group and H a subgroup of 
Aut A. Set G = AH. Let K be another complement of A in G. The conjugacy 
classes of complements to A correspond to elements in the first cohomology 
group H’(H,A) (cf. [5]). Suppose H and K correspond to 0 and 
p E H’(H, A). It is an easy exercise to show 1: = 19 if and only if /I = 0 in 
H’(D,A) for every cyclic subgroup D of G. Set C = C(H, A) = 
(GL E H’(H, A) 1 a = 0 in H’(D, A) for every cyclic subgroup of H}. So if 
C # 0, we can construct examples with 1; = 1: and H # K” for any g E G. 
In particular, if H = SL?(q) with q = 2e, e > 1, and A is the natural module 
for H, then 1 C(H, A)( = 1 H’(H. A)1 = q. 
5. MAXIMAL SUBGROUPS 
Suppose H is maximal in G and 1: = 1 g. It is apparently unknown 
whether this implies K is maximal. In order to avoid examples such as 
Example 4.2, we assume [G : H] = pa. (Most of what is proved in this 
section is still valid if we only assume every group of order [G : H] is 
solvable.) Let ker, G denote the largest normal subgroup of G contained in 
H. 
LEMMA 5.1. Suppose H is maximal in G, ker, G = 1, and [G : H] = p”. 
Then either 
(1) A = F*(G) = O,,(G) is a minimal normal subgroup of G= AH 
with Af’lH= 1, or 
(2) A = F*(G) =L, x ..- x L,, where Li is a simple component of 
G=AH. FurthermoreAnH=H,X-.-xH,, where Hi=HflLi#Liand 
Li = Lf for some g E G. 
Proof. Since O,(G) < H, O,(G) = 1. If O,(G) # 1, then (1) holds by 12, 
Lemma 3.31. So assume O,(G) = 1. Then (2) is clear except possibly that 
Hi # Li = Lf. If Hi = Li, then R = (Ly) 4 G contradicting the fact that 
ker,G= 1. IfR#A, then HfHRfG. 
For the rest of the section, assume H is maximal in G with [G : H] = pa 
and I’= lH Then ker: = kerg = L. So we can pass to G/L and assume 
L= l.HSincz’(H1=IKI and (HnAl=IKnAl, it follows from Lemma5.1 
that K is also maximal. 
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THEOREM 5.2. If H # Kg for any g E G, then either 
(a) A = F*(G) = O,(G) and C(H, A) # 0, or 
(b) A =F*(G) = (L’), h 
GL 
w ere L is a component of G, and lk,, = 
with H n L not conjugate to K n L. 
ProoJ Aply Lemma 5.1. If (1) holds, then the discussion in Example 4.3 
shows (a) follows. If (2) holds, then li,, = If;.,, by Theorem 2.3. If Hf? L 
is conjugate to K n L, then H n Li is conjugate to K n Li for each i. Since 
G = HA, it follows that K”nLi = Hn Li for some x E Li. Thus 
An H=An K’ for some YE G. Then H=N,(An H)= K?‘. Hence (b) 
holds. 
COROLLARY 5.3. If p & a3 and [G : H] = p3 with H maximal and 
lg= 1:. then H= KR for some gE G. 
ProoJ Since p & R,, Theorem 5.2(b) can not hold. Also Theorem 5.2(a) 
fails, since / C(H, A)[ < / C(P, A)I, w h ere P E Syl,(G) (since the restriction 
mapping from H’(H, A) to H’(P, A) is an injection), and it is 
straightforward to verify that C(P, A) = 0. 
COROLLARY 5.4. If G is p-solvable and 1: = 1 i with [G : H] = pa and 
H maximal, then H = KR. 
Proof Since G is p-solvable, by Lemma 5.1, A = F*(G) = O,(G). Also, 
by p-solvability, we know O,,(H)A = O,,,(G) # A. Now apply [2, 
Lemma 3.31. 
Corollary 5.4 is proved in [2] for G solvable. 
No& added in proof: H. Edgar and M. Schacher have informed me of some results of 
Ljunggren. A special case of the main theorem in [ I1 ] implies that R, = 12,. Thus the primes 
in Theorem A are precisely those in Feit’s Theorem. By [lo], p’ = (q’ - I)/(q - 1) has no 
solution for a > I. One consequence of this is that if p - I = 2”3’, then pE 0, implies 
p E 0,. This extends the list of primes known to satisfy Corollary 3.2 (conjugacy of p- 
complements) to include 19. 37, 109, 163, 487, and 1459. We conjecture that the primes for 
which Corollary 3.2 fails are of density zero. Finally, Arad and Ward 19 ] proved 
Corollary 3.2 for p = 2. 
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